
Mechanization of Binders

Kathrin Stark 

SPLV 2024



2Sørenson, Urzyczyn - Lectures on the Curry-Howard Isomorphism

Define preterms…
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… and definitions on terms.
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Some Comparisons
• Aydemir et al.: Mechanized Metatheory for the Masses: The PoplMark Challenge 

2005 https://www.seas.upenn.edu/~plclub/poplmark/ 

• Berghofer/Urban: A Head-to-Head Comparison of de Bruijn Indices and 
Names 2007

• Abel et al. - POPLMark Reloaded: Mechanizing Proofs by Logical Relations 2019 
https://poplmark-reloaded.github.io 

• Brian Aydemir, Stephan A. Zdancewic, and Stephanie Weirich. Abstracting 
syntax. 2009.

• https://jesper.sikanda.be/posts/1001-syntax-representations.html 2021

• Popescu, Andrei. "Nominal Recursors as Epi-Recursors." Proceedings of the 
ACM on Programming Languages 8.POPL (2024):
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https://www.seas.upenn.edu/~plclub/poplmark/
https://poplmark-reloaded.github.io/
https://jesper.sikanda.be/posts/1001-syntax-representations.html


What to expect
• A short peek in different binder approaches: 

Pure de Bruijn, scoped de Bruijn, intrinsically typed, monadic, 
HOAS/CMTT, PHOAS, nominal, locally nameless

 

What not to expect:

• Completeness in any direction

• Less about tools/theoretical foundations

8



Running Example: Subject Reduction
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13

De Bruijn, Nicolaas Govert. 
"Lambda calculus notation 
with nameless dummies, a tool 
for automatic formula 
manipulation, with application 
to the Church-Rosser 
theorem." 1972

De Bruijn Syntax



De Bruijn Syntax
• Idea: 𝛼-equivalence = definitional equality

• Terms: 
Inductive tm: Type := 
| var_tm : nat -> tm 
| app : tm -> tm -> tm 
| lam : tm -> tm.

• Example term: 𝜆	𝑥. 𝑧 𝜆	𝑦. 𝑥	𝑦 	𝑧 ⇒ 𝜆. 1 𝜆. 1	0 	2
	

lam (app (var_tm 1) (lam (app (app (var_tm 1) (var_tm 0)) 
(var_tm 2)))

14



(Parallel) Substitutions
de Bruijn ‘72

15
Two-Level Approach: Adams, R.: Formalized metatheory with terms represented by an indexed family of 
types. In: Types for Proofs and Programs, Lecture Notes in Computer Science, vol. 3839, pp. 1–16. Springer 
Berlin Heidelberg (2006) 
 

Requires again substitution



A convergent + complete rewriting system

16Abadi et al.: Explicit SubsWtuWons ‘96
Schäfer, S., Smolka, G., Tebbi, T.: Completeness and decidability of de Bruijn subsWtuWon algebra in Coq ‘15

s = t  can be decided via the above rewriting system



Single-Point de Bruijn Substitutions

17From Berghofer/Urban: A Head-to-Head Comparison of de Bruijn Indices and Names



Single-Point de Bruijn Substitutions 
(ctd.)

18



Some Variations
De Bruijn Levels

19

• Terms: 
Inductive tm: Type := 
| var_tm : nat -> tm 
| app : tm -> tm -> tm 
| lam : tm -> tm.

• Example term: 𝜆	𝑥. 𝑥 𝜆	𝑦. 𝑥	𝑦 ⇒ 𝜆. 0 𝜆. 0	1
	

De Bruijn, Nicolaas Govert. "Lambda calculus notation with nameless dummies, a tool for 
automatic formula manipulation, with application to the Church-Rosser theorem." 1972
Cregut: An abstract machine for the normalization of λ-calculus. In Proc. Conf. on Lisp and 
Functional Programming, pages 333–340. ACM, 1990. (“reversed De Bruijn indexing”)

Stays the same

Assumes there exists a global
root node



De Bruijn Syntax
• Idea: 𝛼-equivalence = definitional equality

• Terms: 
Inductive tm: Type := 
| var_tm : nat -> tm 
| app : tm -> tm -> tm 
| lam : tm -> tm.

• Example term: 𝜆	𝑥. 𝑧 𝜆	𝑦. 𝑥	𝑦 	𝑧 ⇒ 𝜆. 1 𝜆. 1	0 	2
	

lam (app (var_tm 1) (lam (app (app (var_tm 1) (var_tm 0)) 
(var_tm 2)))

20

Example: 𝜂-reduction rule for 𝜆-terms

• Doesn’t require 
dependent types/very 
general-purpose

• Do not constraint the 
size of the contexts 
=> sometimes 
required for syntactic 
translations



Well Scoped De Bruijn Syntax
• Idea: 𝛼-equivalence = definitional equality

• Terms: 
Inductive tm n : Type := 
| var_tm : fin n -> tm n 
| app : tm n -> tm n -> tm n 
| lam : tm S n -> tm n. 

• Example term: 𝜆	𝑥. 𝑧 𝜆	𝑦. 𝑥	𝑦 	𝑧 ⇒
𝜆. (𝑠𝑢𝑐	𝑧𝑒𝑟𝑜) 𝜆. (𝑠𝑢𝑐	𝑧𝑒𝑟𝑜)	𝑧𝑒𝑟𝑜 	(𝑠𝑢𝑐 𝑠𝑢𝑐	𝑧𝑒𝑟𝑜 )

lam (app (var_tm (suc zero)) (lam (app (app (var_tm (suc 
zero)) (var_tm zero)) (var_tm (suc (suc zero))))

21

Example: 𝜂-reduction rule for 𝜆-terms
Well scoped by construction – if 
the shift is not included, an error is thrown

Adams, R.: Formalized metatheory with terms represented by an indexed family of types. In: Types for Proofs 
and Programs, Lecture Notes in Computer Science, vol. 3839, pp. 1–16. Springer Berlin Heidelberg (2006) 
Bird, R., Paterson, R.: de Bruijn notation as a nested datatype. J. Funct. Program. 9, 77–91 (1999) 



Girard’s normalization proof for System F

22

Implicitly uses ill-scoped terms
- what if in the empty context?



Monadic Terms

23

Inductive tm (X : Set) : Set := 
| var : X → tm X 
| lam : tm (option X) → tm X 
| app : tm X→ tm X→ tm X.

Example term: 𝜆	𝑥. 𝑥 𝜆	𝑦. 𝑥	𝑦 ⇒

Example ex (X : Set) : tm X := 
lam (app (var None) (lam (app (var (Some None)) (var None)))).

Well-scoped terms can be obtained from monadic terms and vice versa in well-behaved examples:
Thorsten Altenkirch, James Chapman, and Tarmo Uustalu. „Monads Need Not Be Endofunctors“. In: 
Logical Methods in Computer Science 11.1 (Mar. 2015) (cit. on pp. 25, 166). 
Discussion on a formalization for POPLMark Challenge: Hirschowitz/Maggesi: Nested 
Abstract Syntax in Coq. ‘09

Fixpoint fmap {X Y : Set} (f : X → Y) (t : tm X) : tm Y.



24

CoqPL’24

Full version in 
progress



25

… and definitions on terms.
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De Bruijn Syntax
• Idea: 𝛼-equivalence = definitional equality

• Terms: 
Inductive tm: Type := 
| var_tm : nat -> tm 
| app : tm -> tm -> tm 
| lam : tm -> tm.

• Example term: 𝜆	𝑥. 𝑧 𝜆	𝑦. 𝑥	𝑦 	𝑧 ⇒ 𝜆. 1 𝜆. 1	0 	2
	

lam (app (var_tm 1) (lam (app (app (var_tm 1) (var_tm 0)) 
(var_tm 2)))

27

Example: 𝜂-reduction rule for 𝜆-terms

• Doesn’t require 
dependent types/very 
general-purpose

• Do not constraint the 
size of the contexts 
=> sometimes 
required for syntactic 
translations



(Parallel) Substitutions
de Bruijn ‘72

28
Two-Level Approach: Adams, R.: Formalized metatheory with terms represented by an indexed family of 
types. In: Types for Proofs and Programs, Lecture Notes in Computer Science, vol. 3839, pp. 1–16. Springer 
Berlin Heidelberg (2006) 
 

Requires again substitution



Well Scoped De Bruijn Syntax
• Idea: 𝛼-equivalence = definitional equality

• Terms: 
Inductive tm n : Type := 
| var_tm : fin n -> tm n 
| app : tm n -> tm n -> tm n 
| lam : tm S n -> tm n. 

• Example term: 𝜆	𝑥. 𝑧 𝜆	𝑦. 𝑥	𝑦 	𝑧 ⇒
𝜆. (𝑠𝑢𝑐	𝑧𝑒𝑟𝑜) 𝜆. (𝑠𝑢𝑐	𝑧𝑒𝑟𝑜)	𝑧𝑒𝑟𝑜 	(𝑠𝑢𝑐 𝑠𝑢𝑐	𝑧𝑒𝑟𝑜 )

lam (app (var_tm (suc zero)) (lam (app (app (var_tm (suc 
zero)) (var_tm zero)) (var_tm (suc (suc zero))))

29

Example: 𝜂-reduction rule for 𝜆-terms
Well scoped by construction – if 
the shift is not included, an error is thrown

Adams, R.: Formalized metatheory with terms represented by an indexed family of types. In: Types for Proofs 
and Programs, Lecture Notes in Computer Science, vol. 3839, pp. 1–16. Springer Berlin Heidelberg (2006) 
Bird, R., Paterson, R.: de Bruijn notation as a nested datatype. J. Funct. Program. 9, 77–91 (1999) 



Monadic Terms

30

Inductive tm (X : Set) : Set := 
| var : X → tm X 
| lam : tm (option X) → tm X 
| app : tm X→ tm X→ tm X.

Example term: 𝜆	𝑥. 𝑥 𝜆	𝑦. 𝑥	𝑦 ⇒

Example ex (X : Set) : tm X := 
lam (app (var None) (lam (app (var (Some None)) (var None)))).

Well-scoped terms can be obtained from monadic terms and vice versa in well-behaved examples:
Thorsten Altenkirch, James Chapman, and Tarmo Uustalu. „Monads Need Not Be Endofunctors“. In: 
Logical Methods in Computer Science 11.1 (Mar. 2015) (cit. on pp. 25, 166). 
Discussion on a formalization for POPLMark Challenge: Hirschowitz/Maggesi: Nested 
Abstract Syntax in Coq. ‘09

Fixpoint fmap {X Y : Set} (f : X → Y) (t : tm X) : tm Y.



31
https://spls.zulipchat.com/#narrow/strea
m/402733-splv-
2024/topic/Mechanization.20of.20Binders
.20.28Kathrin.20Stark.29 

https://spls.zulipchat.com/
https://spls.zulipchat.com/
https://spls.zulipchat.com/
https://spls.zulipchat.com/


Intrinsically Typed Syntax

32Altenkirch, T., Reus, B.: Monadic presentations of lambda terms using generalized inductive types. ‘99
Benton, Nick, et al. "Strongly typed term representations in Coq." 2012



Types of Renamings/Substitutions
• Pure: 

� Renamings: nat -> nat 
� Substitutions: nat -> tm

• Scoped:
� Renamings: fin m -> fin n 
� Substitutions: fin m -> tm n

• Intrinsically Typed:
� Renamings: 

Substitutions:

33



34

When moving to dependent types, we need inductive-inductive types to represent well-typed terms of a 
dependently typed language:

Thorsten Altenkirch and Ambrus Kaposi. „Type Theory in Type Theory Using Quotient Inductive Types“. In: 
ACM SIGPLAN Notices 51.1 (Jan. 2016), pp. 18–29 (cit. on pp. 42, 166). 

Dependently typed constructor 
for type abstraction in System F:

Only applicable
to arguments of contexts
of exactly this form

Γ ∘ ↑∘↑ = Γ ∘↑ ∘↑
propositionally but not definitionally



35
Krishnaswami, Neelakantan R., and Derek Dreyer. "Internalizing relational parametricity in the 
extensional calculus of constructions." Computer Science Logic 2013 (CSL 2013). Schloss 
Dagstuhl-Leibniz-Zentrum fuer Informatik, 2013.



Co-De Bruijn Representation

Everybody’s Got To Be Somewhere, Conor McBride 2018
Stripped version by Jesper Cockx, https://jesper.sikanda.be/posts/1001-syntax-
representations.html 36

https://jesper.sikanda.be/posts/1001-syntax-representations.html
https://jesper.sikanda.be/posts/1001-syntax-representations.html


Notes

37

Adams, R.: Formalized metatheory with terms represented by an indexed family of types. In: Types for 
Proofs and Programs (2006) 

Remember that we work with an encoding:
 



Nominal Syntax and (variants of) HOAS

Kathrin Stark 

SPLV 2024



40

… and definitions on terms.



Barendregt Convention

41Examples from: Urban, Norrish: A Formal Treatment of the Barendregt Variable Convention



Nominal Techniques

42

Working over an abstract sort of atoms - allowing 
freshness (#) and swapping two atoms

Ensures that the datatype 
respects equivariance

Equivariance: 
A definition commutes with permutation.

Abstracting over a new name A notion of support: 
A finite set of variables 
that the definition may 
contain 

Nominal Logic, a first-oder theory of names and binders – Pitts 2003.
Nominal Unification, Urban, Pitts, Gabbay – 2004.
Nominal Techniques in Isabelle/HOL. Urban/Tasson 2005.
General Bindings and Alpha-Equivalence in Nominal Isabelle, Urban/Kaliszyk ‘12



Nominal Techniques

43Nominal Unification, Urban, Pitts, Gabbay – 2004.
Nominal Techniques in Isabelle/HOL. Urban/Tasson 2005.

Equivariance: 
A definition commutes with permutation.

Nominal definitions are shown to be equivariant:
Freshness of side conditions:
The Nominal library supports 
proving those/automatically 
derives reasoning infrastructure

General renaming/instantiation have to be defined: 

• Compatible with classical reasoning
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Notes

45

Adams, R.: Formalized metatheory with terms represented by an indexed family of types. In: Types for 
Proofs and Programs (2006) 

Remember that we work with an encoding:
 



Nominal Techniques

46

Working over an abstract sort of atoms - allowing 
freshness (#) and swapping two atoms

Ensures that the datatype 
respects equivariance

Equivariance: 
A definition commutes with permutation.

Abstracting over a new name A notion of support: 
A finite set of variables 
that the definition may 
contain 

Nominal Logic, a first-oder theory of names and binders – Pitts 2003.
Nominal Unification, Urban, Pitts, Gabbay – 2004.
Nominal Techniques in Isabelle/HOL. Urban/Tasson 2005.
General Bindings and Alpha-Equivalence in Nominal Isabelle, Urban/Kaliszyk ‘12



47See Zulip



Higher-Order Abstract Syntax

48
Higher-Order Abstract Syntax, Pfenning/Elliot ’88
Twelf: Pfenning/Schürmann ‘99
https://twelf.org/wiki/proving-metatheorems-representing-the-syntax-of-the-stlc/ 

Example: 𝜆𝑥. 𝜆𝑦. 𝑥	𝑦	

lam (arrow unit unit) ([x] (lam unit ([y] app x y))

𝛼-equivalent by construction: 
no way to distinguish 
[x] (lam unit ([y] app x y)
and 
([z] (lam unit ([y] app z y)
in the meta-theory

Well scoped by construction

https://twelf.org/wiki/proving-metatheorems-representing-the-syntax-of-the-stlc/


49

Substitutions for free



Does this correctly implement what 
we want?
Adequacy: The representation within the meta-language is syntactically 
correct (a one-to-one correspondence between the objects in the object 
language/the representation in the meta language) and semantically faithful.

=> The term function space tm -> tm must correspond to the type of open types 
with a single free variable.

50

The meta language matters => 
no classical metatheory possible:

Mechanizing Metatheory in a Logical Framework, Harper/Licata 2007

The meta language matters => 
no elimination of constants possible:

lam ([x : tm] 
match x with 
 | empty => 
 | _ => … 
end)

Exotic  term: 
No corresponding 
object-language term 
with a free 
variable

lam ([x : tm] 
if (x = empty) 
then empty 
else …)



Typing Statement

51

of : tm -> tp -> type. 

of-empty : of empty unit.

of-lam : of (lam T2 ([x] E x)) (arrow T2 T) <- ({x: tm} of x T2 -> 
of (E x) T).

of-app : of (app E1 E2) T <- of E1 (arrow T2 T) <- of E2 T2.

No variable rule!



Preservation

52



Higher-Order Abstract Syntax

53

• Substitutions/substitutivity 
for free 

• No explicit variable 
constructor/since variables 
are represented as 
metalevel variables they 
are implicit/we cannot 
write definitions which 
mention them explicitly 

• Impossible to use in a 
general-purpose proof 
assistant

• Restrictions on recursive 
functions

Example from: 
Chlipala, PHOAS



54

Working in a model of HOAS



Beluga/Contextual Modal Type Theory

56

Aleksandar Nanevski, Frank Pfenning, and Brigi4e Pientka. 
„Contextual Modal Type Theory“ 2008
Pientka/Dunfield: Beluga: A framework for programming 
and reasoning with deductive systems 2010
Comparison with de Bruijn proofs: 
Kaiser, Jonas, Brigitte Pientka, and Gert Smolka. "Relating 
system F and Lambda2: A case study in Coq, Abella and 
Beluga.” 2017
POPLMark Reloaded Challenge

Distinguishes 
data 
and computations: Boxed value: 

embedded into computations;
no computations inside

Recursive programs on the computation level

• Extension of HOAS with a 
modality to talk about open 
terms => expressivity

• Comes with a notion of 
context morphisms

https://link.springer.com/chapter/10.1007/978-3-642-14203-1_2
https://link.springer.com/chapter/10.1007/978-3-642-14203-1_2


57

Twelf

Beluga



58



Weak HOAS
Parameter Var : Set. 

Inductive tm : Set := 
 var : Var -> tm
| app:tm->tm->tm 
| lam:(Var->tm)->tm.

𝜆𝑥. 𝑥	(𝜆	𝑦. 𝑥	𝑦)

Example ex : tm := lam (fun x => app 
(var x) (lam (fun y => app (var x) 
(var y)))).

60
Martin Hofmann. „Semantical analysis of higher-order abstract syntax“. 1999. 
Honsell, Miculan, Scagnetto – The Theory of Contexts for First Order and Higher Order 
Abstract Syntax, 2002
Adequacy: Miculan – Developing (meta)theory of lambda-calculus in the Theory of Contexts

• Admits larger function spaces



61Honsell, Miculan, Scagnetto – The Theory of Contexts for First Order and Higher Order Abstract 
Syntax, 2002

Requires again adequacy



Parameter Var : Set. 

Inductive tm : Set := 
 var : Var -> tm
| app:tm->tm->tm 
| lam:(Var->tm)->tm.

Inductive countvars : tm -> nat -> Prop := 
| cv_var x : countvars (var x) 1 
| cv_app s t m n: countvars s m 
  -> countvars t n -> countvars (app s t) (m + n) 
| cv_lam f n: forall x, countvars (f x) n -> countvars (lam f) n. 

Fixpoint countvars (t : tm) : nat := 
match t with 
| var x => 1 
| app s t => countvars s + countvars t 
| lam f => countvars (f ?) end.

62



Parametric Higher-Order Abstract 
Syntax (PHOAS)

63

Washburn, Geoffrey, and Stephanie Weirich. "Boxes go bananas: Encoding higher-order abstract syntax with 
parametric polymorphism." ACM SIGPLAN Notices 38.9 (2003): 249-262.
Chlipala, Adam. "Parametric higher-order abstract syntax for mechanized semantics." Proceedings of the 13th ACM 
SIGPLAN international conference on Functional programming. 2008.
Proof of adequacy: Atkey, Syntax For Free: Representing Syntax with Binding using Parametricity 

Section tm. 

Variable var : Type.

Inductive tm : Type := 
| Var : var -> tm 
| App' : tm -> tm -> tm 
| Abs' : (var -> tm) -> tm. 

End tm.

Definition Tm := forall X, tm X.

Fixpoint count (e: tm unit) : nat := 
match e with 
| Var _ x => 1 
| App' _ s t => count s + count t 
| Abs' _ s => count (s tt) end. 

Definition Count (e : Tm) : nat := 
count (e unit).



Substitution

64

Fixpoint subst {X: Type} (s : tm (tm X)) :=
 match s with 
| Var _ x => x 
| App' _ s t => App' _ (subst s) (subst t) 
| Abs' _ s => Abs' _ (fun x => subst (s (Var _ x)))
end. 

Definition Subst (s : forall X, X -> tm X) (t : Tm) : Tm := 
fun X => subst (s _ (t X)).



65
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Separating Bound and Free Variables

Kathrin Stark 

SPLV 2024
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70

De Bruijn, Nicolaas Govert. 
"Lambda calculus notation 
with nameless dummies, a tool 
for automatic formula 
manipulation, with application 
to the Church-Rosser 
theorem." 1972

De Bruijn Syntax



Nominal Techniques

71

Working over an abstract sort of atoms - allowing 
freshness (#) and swapping two atoms

Ensures that the datatype 
respects equivariance

Equivariance: 
A definition commutes with permutation.

Abstracting over a new name A notion of support: 
A finite set of variables 
that the definition may 
contain 

Nominal Logic, a first-oder theory of names and binders – Pitts 2003.
Nominal Unification, Urban, Pitts, Gabbay – 2004.
Nominal Techniques in Isabelle/HOL. Urban/Tasson 2005.
General Bindings and Alpha-Equivalence in Nominal Isabelle, Urban/Kaliszyk ‘12



Higher-Order Abstract Syntax

72

• Substitutions/substitutivity 
for free 

• No explicit variable 
constructor/since variables 
are represented as 
metalevel variables they 
are implicit/we cannot 
write definitions which 
mention them explicitly 

• Impossible to use in a 
general-purpose proof 
assistant

• Restrictions on recursive 
functions

Example from: 
Chlipala, PHOAS



Beluga/Contextual Modal Type Theory

73

Aleksandar Nanevski, Frank Pfenning, and Brigi4e Pientka. 
„Contextual Modal Type Theory“ 2008
Pientka/Dunfield: Beluga: A framework for programming 
and reasoning with deductive systems 2010
Comparison with de Bruijn proofs: 
Kaiser, Jonas, Brigitte Pientka, and Gert Smolka. "Relating 
system F and Lambda2: A case study in Coq, Abella and 
Beluga.” 2017
POPLMark Reloaded Challenge

Distinguishes 
data 
and computations: Boxed value: 

embedded into computations;
no computations inside

Recursive programs on the computation level

• Extension of HOAS with a 
modality to talk about open 
terms => expressivity

• Comes with a notion of 
context morphisms

https://link.springer.com/chapter/10.1007/978-3-642-14203-1_2
https://link.springer.com/chapter/10.1007/978-3-642-14203-1_2


Parametric Higher-Order Abstract 
Syntax (PHOAS)

74

Washburn, Geoffrey, and Stephanie Weirich. "Boxes go bananas: Encoding higher-order abstract syntax with 
parametric polymorphism." ACM SIGPLAN Notices 38.9 (2003): 249-262.
Chlipala, Adam. "Parametric higher-order abstract syntax for mechanized semantics." Proceedings of the 13th ACM 
SIGPLAN international conference on Functional programming. 2008.
Proof of adequacy: Atkey, Syntax For Free: Representing Syntax with Binding using Parametricity 

Section tm. 

Variable var : Type.

Inductive tm : Type := 
| Var : var -> tm 
| App' : tm -> tm -> tm 
| Abs' : (var -> tm) -> tm. 

End tm.

Definition Tm := forall X, tm X.

Fixpoint count (e: tm unit) : nat := 
match e with 
| Var _ x => 1 
| App' _ s t => count s + count t 
| Abs' _ s => count (s tt) end. 

Definition Count (e : Tm) : nat := 
count (e unit).
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Locally Named Syntax

76Some Lambda Calculus and Type Theory Formalized, McKinna/Pollack ‘99

Inductive typ : Set := 
| typ_base : typ
| typ_arrow : typ -> typ -> typ.

Inductive exp : Set := 
| bvar : name -> exp (* bound variables *) 
| fvar : name -> exp (* free variables *) 
| abs : binder -> exp -> exp 
| app : exp -> exp -> exp.

Example term: 𝜆	𝑥. 𝑧 𝜆	𝑦. 𝑥	𝑦 	𝑧

abs “x” (app (fvar “z”) (lam “y” (app (app (bvar 
x”) (bvar “y”)) (fvar “y”))))



77

Substitution of parameters
=> No binding instances in terms!

Note: 
Not capture-
avoiding

Some Lambda Calculus and Type 
Theory Formalized, McKinna/Pollack 
‘99



78

Usual invariant: 
A term is closed, 
i.e. all bound variables are in scope.

Some Lambda Calculus and Type Theory Formalized, McKinna/Pollack ‘99

What is a good induction principle for
closed terms?



82

𝛽-reduction has the 
diamond property only 
up to 𝛼 conversion

Pollack, Robert. The Theory of LEGO. Diss. University of 
Edinburgh, 1995.



Locally Nameless Syntax
Inductive typ : Set := 
| typ_base : typ
| typ_arrow : typ -> typ -> typ.

Inductive exp : Set := 
| bvar : nat -> exp (* bound variables *) 
| fvar : name -> exp (* free variables *) 
| abs : exp -> exp 
| app : exp -> exp -> exp.

83

Example term: 𝜆	𝑥. 𝑧 𝜆	𝑦. 𝑥	𝑦 	𝑧

abs (app (fvar z) (lam (app (app (bvar 1) (bvar 
0)) (fvar z))))

Usual invariant: 
A term is locally closed, 
i.e. all bound variables are in scope.

G. Huet. The Constructive Engine. ‘89
R. Pollack. Closure under alpha-conversion. ‘93
I am not a number- I am a free variable – Conor McBride, James McKinna ‘04
Aydemir et al., Engineering Formal Metatheory ‘08

Explicit distinction in McBride/McKinna ‘04
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Note: Only works if 0 is the only unbound index
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Cofinite Quantification
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• Literature Review/Comparison of Different Versions of Locally 
Named/Locally Nameless: 
� Aydemir, Brian, et al. "Engineering formal metatheory." ACM SigPlan notices 43.1 

(2008): 3-15.

• Comparison of different variants of locally nameless (different sorts, collapsed, 
tagged)
� Brian Aydemir, Stephan A. Zdancewic, and Stephanie Weirich. Abstracting syntax. 

2009.
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88
De Bruijn, Nicolaas Govert. "Lambda calculus notation with 
nameless dummies, a tool for automatic formula manipulation, with 
application to the Church-Rosser theorem." 1972
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Conclusion?

Kathrin Stark 

SPLV 2024
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What to expect
• A short peek in different binder approaches: 

Pure de Bruijn, scoped de Bruijn, intrinsically typed, monadic, 
HOAS/CMTT, PHOAS, nominal, locally nameless

 

What not to expect:

• Completeness in any direction

• Less about tools/theoretical foundations
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Some Comparisons
• Aydemir et al.: Mechanized Metatheory for the Masses: The PoplMark Challenge 

2005 https://www.seas.upenn.edu/~plclub/poplmark/ 

• Berghofer/Urban: A Head-to-Head Comparison of de Bruijn Indices and 
Names 2007

• Abel et al. - POPLMark Reloaded: Mechanizing Proofs by Logical RelaWons 2019 
https://poplmark-reloaded.github.io 

• Aydemir et al. Engineering Formal Metatheory. 2008.

• Brian Aydemir, Stephan A. Zdancewic, and Stephanie Weirich. Abstracting 
syntax. 2009.

• https://jesper.sikanda.be/posts/1001-syntax-representations.html 2021

• Popescu, Andrei. "Nominal Recursors as Epi-Recursors." Proceedings of the 
ACM on Programming Languages 8.POPL (2024):
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Criteria
POPLMark Challenge
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Abstract Interfaces
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• Which proof assistant do you use?
� Quotients? 
� Do you require (admitting) classical reasoning?
� Automation?
� Are you ok with using a special-purpose proof assistant?
� What are available tools/libraries?
� Has somebody proven similar results; e.g. on a subset of the language?

• Do you care about proving theorems about the meta-theory or about writing 
terms in the language?

• How much do you care about readability?

• Do you care about performance?

• How much do you need to know about the reasoning principles? 

• What kind of binders do you want to formalise?
� Are full binders used – or just quantifiers?
� Linear Logic?
� Something else?

• Do you need to manipulate the context?

• Do you care about (formalizing) adequacy?

• Do you want renamings to be first-class? Injective renamings?

• Respecting renaming/substitutivity?

• Binder approach = Representation of Syntax + Substitutions + Reasoning 
Principles
� For example: variants of locally nameless; de Bruijn, well scoped de Bruijn… 98


