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Cat :
obj : categories is contesian closed :

ani functors if C,

D are categories,

exD ?
oi : (A

,B) where Aze,
BeD

am (A
,3)-+ (A ,B) are pairs (fig) when fit -> A in e

g : B- in D

02 = [2,
8) ? obj : functors Fie -p

what
ar FeG : natural transformations ,

i. e
.
collection

such Kat

Cr : FA - SA fa each Act

[l, Sets enpreshe TA
A FA > SA

f Ff 4f
~ S W

B FB > GB
<

B



Bef: a moned (standard construction,, "triple") consists of

~ a functor T:C -2

- a natural transformation : -+A unit"

Me : +'A + +A -> multiplication join:

such that
TA

Tha
> TA

I/

unit
YTA MA laws "

~ ~

T'A > TA

MA

TYCTA) = TA
TNA

> TA
[I

associative

MTA MA
law"

~ ~

T'A STA

MA



Def2 : a monad "Kleislitriples consists of

-
an object TAEL for every object Att - type constructor

- maphisms return : A-> +(A) e "type converter

- a maphism bind)f) = )-(3=f) :
TAt+B th each f : A + TB &"combinator

such that :

return (n) = f = f(x)

t >= return =

t where "t :TA"

- x= (n + (f(u) >=g) = ( + x=f) > =

g

Def1 = def 2 : =: bind (n , f) = Mif (n)
U = return

=: M = bind)-, ida)

Remank : do notation : do a <b . . . . = 5x= 1(a -> .... )



Example D Maybe : 2-Set

T(A) = A + 1

↑ (f) = f + 1

Y : A = A + 1

a te a

NA : ( + 1) + 1
-> A + 1

a M 9

# H *

* M #

& Exception : 2= Set e wil in any category with reproducts

T = 1- ) + E
& fixed set of 'exceptions'

M1(a) = a

Ma : ( + El + E -> A + E

- a
a

e
e ↳

e

e H



③ Reader : TA =
AF2 fixed obj of inputs

A ZAE

Art FotA

CAF)*e AF egin Set : Ma(y((i) = y(i)(i)

LAF *** -> A

ideciaiat Ter

(AF)
*

x(IxI)- AEXE
exid

& Writer : TA = AxO - fixed object of outputs' that is a semigiery
C e

0x0 - 0 1 - 0

NA
A- A x0

X - (Ax0o A Axoidaxe
Axl

↓ Tidex a

Ax(oxo)



⑤ State : TA = (AXS) wher S fixed object of Istates'

NA
A -> (Axs/S

A= S > As
idAs

(Ats) +3) A (Ars)S

KAvs/SxS/XS AxS
7

ert er

(A) "S



⑥ Nondeterminism = Sef

TA = PA List A

A
A > PA

a -> hal

PDA He PA concat

A - latAIGUeA : ach]

⑦ Probability = Set

TA = (p : A - [0, 13) supplp) finite and pla = 1)

41
: A -+A

a # X6 : A
.[ ] Dirac distribution

Ma :
Th TA

P1 Xa :A. P(pl . p(a)



"pure" computations => "effectful computations"

E E

Prop : If T : 2 - 2 is a mound
,

then there is a category KC(H = E
+

2
with Ob%: Act same as in 2

"Kleisli category of"
an A - B : are morphisms f :A-> TIB) in e

Pf : What is composition ?

given A
FutB) and is Gu+/) in e.

Want A->TB -> T') > TCI in e

f Tg Mc

What are identifies ?

went A As+A) in 2



Ex① Ke(Maybe) : obj : sets A
,
B

,
C

Il
an A + B are functions A - B + 1

PFun
can be thought of as partial functions A- B

f

② K2(Powerset) : an At B are functions A -> DB

II can be thought of as relations REAXB

Rel R= ((a
,
b)(b = f(a))

f(c) = (b((a,3)(k)



Def : an /Eilenberg - Moore) algebra of a moned +:Est consists of :

- an object Att -> "Carrier object"

- a maphism TA ESA & "structure map"

such that
Ta YA

TA STA A STA

a
a

Ma
~ ~

W
A

TA > A
a

Pep : them is a category EMIT) = 2 T with

Tf
> TB

o : EM-algebres

am (A
,
a) -+ (B

,
b) are fit-Bin t s .X

TA

b
a

~ ~

A > B
f

Ex : EM(Powerset) = Completelativese obj poset (P,
2) s .

t
. each subset

has a least upper sound a (P)

are functions thatpreserve V



Def Functors 2D an adjoint, F being left adjoint

E right adjoint

denoted F+ S

① if there is a natural bijection

If : FI -> B inObgit-SB in e

↓ sig
FAI B' A

or
, equivalentl, "Whit"

& there are natural transformations Ma :A-GFA

Eg : FGB-B "coun't"

satisfying F4A
FA > FGFA

GA
FA "Zig-zag

1)

V equations
141 FA

v

GFGA
-> GA

42A



T

Ex : Q Setz ↓
S
Rel R& AxB
-

Powerset
TA -> B in Rel
-
-

A - PB in Set

-

f: A - DB

f(a) = 36/ /a,
bleRI

R = >(a,b)) flal =3)
"free"

Lear : right adjoint preserve
limitsM

A-> LListA
,
concat)

List
-

↓E Q : Set Mon
with AxA-AForget 2 sets A A

- I(A, )
I

↳
fagetfre



tem : If 2Ent adjoint, the T=GF is moved on e

Ehm :

KeIT) > D > EM IT)

M 1 M

X F + 4 Y

z
-

2 L

M
T=GF



s mmchic

Def : a -"monoidal category is a category I with
AB

- a funct 0 : exe -2 ↑ Es ↓ fog
- a object I Al B AB

- natural isomorphisms

Ca
.

<1Ao (BaK) -> Hoboce "associator'

A :
IQA be "unitors"X -> A

PA : AoI-A

Was : A &B-Bot

such that A /I B) B
, (AGI) &B

"Triangle
13

idey PaidB equations
- L

A & B

&
A

,
B&C

,
D

AolIBoCIoD) - (AolBoCIeD
T

ida CB
,
c

, D
↑

A,
3
,
c Did y

I

AolBo((oD)) ((AB)eC/D
7

"pentagon
&

A
,
B

,
CoD

T
AOB

,
C

,
D equations

1

J

(AOB) o(COD)



Ex : = If I has finitary products ,

then @ = X
,

E = 1 makes & moncidal

-

-Next under tensor product

thm : ("coherence therem') any two " well-typed "maphisms A- B in a moncidal category

butt from id
,

<
,
x

,p using , are equal

f : A- g : B - L got : A+ C fog : AoB- Bol

C

I B
C A B

C ⑮ I, ⑮ B1 it XT T I

' is I
A B B A

A



Go H
1

ideh

Go /FoD)
E H ~

Fr

(GE)$
h ge ide

F

1AOE) @D
g Em 1

↑
A

, E,DE

f Al@D)
id /to ida)

A B L D
Ao((Bo()D)

↑

ida B,4
,n

Ao(ba/LoD(I)



Tum ("Correctness of graphical calcula
-

two maphisms A-B in a mencidal category are equal

#

their pictures me is pic

IR

B



But e. g:

E

Xe E E E
-

IOE PE

EOI

gof zis 8 f F f G Erns

M

fog
Io(Bel) (BC/I

~

Xiac
B 2 B 2

M

Pac
BoC Bal



Def : a monad T:C-2 on a mencidal category 2 is strong
if it has a natural transfanation

Stag : ADTB -> TAOB) "strength map"

such that

Ao B
ic413

> A & TB

FotAStill YAoB
-L Sta

,B

TA ↑ IAOB)

(AOB)oTL Starb
,

a
> TIAOB)ac)

CA
,

B
,
TC TCA

, B, C

z

AQ(Be +C) > AOTIBOC) > T(ABa())
id

a sty
,
a Sta

, Bel

Ao + "B
Sta

, B
>

T(AOTB)
Tsta

, B
~ T'lAOB)

idOMB MaoB

v ~

A & TB
sta

, B

> T(AB)



Def : T is commutation if it is strong and

Tist' , IA ,3

T(TIA) @BI > ThAoBl
Stra

,
B

7 MaoB

>

dst TLAB)
TAOTB &

T

St's
,
B J

T/AOTB) > Th (AOBI
Maes

-

T(sta
,
b)

where

TAB
Stab

> TLAOB)

Uraid ↑ This
,
A

Both
Bat

Lear : KI(T) is symmetric mencidal E
T is commutative



Ex : Maybe is strong: Ax(B + 1) -> (AxB) + 1

Writer is stray : A + (B + 0) - (A+B) + 0

Writer is commutative => 0x0-0 is commutative

any menad on Set is strong : AxTB -> TAB)

(a
,
+) > T(Xb. (a

,
b)) (t)



Def : a distributive law of monad Scene
on a mend T: 2-e

is a natural transformation G : +St - STA

such that
JSA Soa

TSSA > STSA > SSTA

uTA
This

~ ~

TS A 7 STA

1
JA

1

Mist STA

TTSA > TSTA > STTA

TJ JrA
A

TA SA

Tys A 4A 54
L L -

TSA
J

-SFA TSA
J

> STA

A A

thm : if I is distributive law
,
then ST :Get is a monad



Ex : S= T = nonempty List monad

[[a ,be]]S

di 7
take first elements

[[a]
,

[b
,

c
,d]

,

[2,f]] @s[a,
d

, f1]
take last elements

&
- [la ,

6)
,
[c]

,
Id,
e]

,

[f]]

swap' and 'J
,
I

Ex : Powerset does not distributive over Distribution

so mondeterminism and probability hand to combine


