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What’s the simplest programming language?

(algebraically)

Tm ∶ Sort

− ⋅ − ∶ Tm → Tm → Tm
K ∶ Tm
S ∶ Tm

Kβ ∶ K ⋅ 𝑥 ⋅ 𝑦 = 𝑥
Sβ ∶ S ⋅ 𝑥 ⋅ 𝑦 ⋅ 𝑧 = 𝑥 ⋅ 𝑧 ⋅ (𝑦 ⋅ 𝑧)
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What’s the simplest programming language? (SOGAT-ically)

Tm ∶ Sort

− ⋅ − ∶ Tm → Tm → Tm
lam ∶ (Tm → Tm) → Tm

β ∶ (lam 𝑡) ⋅ 𝑢 = 𝑡 𝑢

Γ ⊢ 𝑡 Γ ⊢ 𝑢
Γ ⊢ 𝑡 ⋅ 𝑢

Γ, 𝑥 ⊢ 𝑡
Γ ⊢ lam 𝑡

Γ, 𝑥 ⊢ 𝑡 Γ ⊢ 𝑢
Γ ⊢ (lam 𝑡) ⋅ 𝑢 = 𝑡 [𝑢/𝑥]
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First-order-ification

Con ∶ Sort
Sub ∶ Con → Con → Sort
Tm ∶ Con → Sort

id ∶ Sub Γ Γ
− ∘ − ∶ Sub Δ Γ → Sub Θ Δ → Sub Θ Γ

− [−] ∶ Tm Γ → Sub Δ Γ → Tm Δ

◇ ∶ Con
ε ∶ Sub Γ ◇

−▹ ∶ Con → Con
p ∶ Sub (Γ▹) Γ
q ∶ Tm (Γ▹)
−, − ∶ Sub Δ Γ → Tm Δ → Sub Δ (Γ▹)

− ⋅ − ∶ Tm Γ → Tm Γ → Tm Γ
lam ∶ Tm (Γ▹) → Tm Γ

id ∘ 𝜎 = 𝜎
𝜎 ∘ id = 𝜎
(𝜎 ∘ 𝛿) ∘ 𝜈 = 𝜎 ∘ (𝛿 ∘ 𝜈)

𝑡 [id] = 𝑡
𝑡 [𝜎 ∘ 𝛿] = 𝑡 [𝜎] [𝛿]

ε = (𝜎 ∶ Sub Γ ◇)

p ∘ (𝜎, 𝑡) = 𝜎
q [𝜎, 𝑡] = 𝑡
(p ∘ 𝜎, q [𝜎]) = 𝜎

(𝑡 ⋅ 𝑢) [𝜎] = (𝑡 [𝜎]) ⋅ (𝑢 [𝜎])
(lam 𝑡) [𝜎] = lam (𝑡 [𝜎 ∘ p, q])

β ∶ (lam 𝑡) ⋅ 𝑢 = 𝑡 [id, 𝑢]

3



First-order-ification

Con ∶ Sort
Sub ∶ Con → Con → Sort
Tm ∶ Con → Sort

id ∶ Sub Γ Γ
− ∘ − ∶ Sub Δ Γ → Sub Θ Δ → Sub Θ Γ

− [−] ∶ Tm Γ → Sub Δ Γ → Tm Δ

◇ ∶ Con
ε ∶ Sub Γ ◇

−▹ ∶ Con → Con
p ∶ Sub (Γ▹) Γ
q ∶ Tm (Γ▹)
−, − ∶ Sub Δ Γ → Tm Δ → Sub Δ (Γ▹)

− ⋅ − ∶ Tm Γ → Tm Γ → Tm Γ
lam ∶ Tm (Γ▹) → Tm Γ

id ∘ 𝜎 = 𝜎
𝜎 ∘ id = 𝜎
(𝜎 ∘ 𝛿) ∘ 𝜈 = 𝜎 ∘ (𝛿 ∘ 𝜈)

𝑡 [id] = 𝑡
𝑡 [𝜎 ∘ 𝛿] = 𝑡 [𝜎] [𝛿]

ε = (𝜎 ∶ Sub Γ ◇)

p ∘ (𝜎, 𝑡) = 𝜎
q [𝜎, 𝑡] = 𝑡
(p ∘ 𝜎, q [𝜎]) = 𝜎

(𝑡 ⋅ 𝑢) [𝜎] = (𝑡 [𝜎]) ⋅ (𝑢 [𝜎])
(lam 𝑡) [𝜎] = lam (𝑡 [𝜎 ∘ p, q])

β ∶ (lam 𝑡) ⋅ 𝑢 = 𝑡 [id, 𝑢]
3



Languages which can be defined as SOGATs

Non-substructural languages:
• Simply typed lambda calculus
• First-order logic
• System F
• Dependent type theory
• Theory of SOGAT signatures
• Higher observational type theory
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